We give a necessary and sufficient quantitative geometric condition for an unbounded set A c R n to have the following property with a given c > 0: For every E ;::: 0 and for every map I:
1 Introduction 1.1. Nearisometries. Let E and P be real Hilbert spaces and let AcE. A map I: A --> P is said to be a nearisometry if there is E ~ 0 such that Ix -yls :::; If x -fyl :::; Ix -yl + s for all x, yEA. More precisely, such a map is an s-nearisometry. In the literature, the s-nearisometries are often called s-isometries.
We study the stability question: How well can an s-nearisometry be approximated by a true isometry? The following fundamental result was proved by D.H. Hyers and S.M. Ulam [HU] in 1945: If f: E --> P is a surjective s-nearisometry, then there is a surjective isometry T: E --> P with The case where AcE = P = Rn has been studied in [ATV] and in [Val] . For c > 0 we say that a set A c Rn has the c-isometric approximation property, abbreviated c-IAP, if for 360 Viiisiilii each € 2: 0 and for each €-nearisometry J: A --) Rn there is an isometry T:
If A has the c-IAP and contains at least two points, then clearly c 2: 1/2.
The whole space Rn has the v'2-IAP. In [Val, 2.5J we gave a quantitative geometric characterization for bounded subsets of Rn with the c-IAP in terms of the so-called c-solar systems. For sets without isolated points, it can be expressed in the following simple form. .1] it follows that c(n) cannot be chosen to be independent of n.
The motivation for the present paper was to find a characterization for the unbounded subsets of Rn with the c-IAP. It turns out that the answer is simpler than in the case of bounded sets, and it is given in 2.3. We associate to each unbounded set A c Rn a number JL(A) E [0,1] and show that if A has the c-IAP, then JL(A) 2: 1/c' > 0 with c' = 17c.
Conversely, if JL(A) 2: lid, then A has the c-IAP with c = v'2d. The constant v'2 is the best possible.
Contrary to the bounded case, these estimates do not depend on the dimension n. In fact, several arguments are valid in arbitrary Hilbert spaces, but the most satisfactory formulation is obtained in the euclidean n-space Rn.
1.2. Summary oj the paper. We start by introducing in Section 2 the number JL(A) and other auxiliary concepts needed in the proof. We can then state the main theorem 2.3 and various related remarks. In Section 3 we show that c-IAP implies the property JL(A) 2: l/c'.
The converse is proved in Section 4, where we give a more general result valid for all Hilbert spaces, which may have independent interest. In Section 5 we give a short elementary proof and an improvement of the original Hyers-Ulam theorem. A remark on the Banach space case is given in Section 6.
2 Formulation of the main result 2 .1. Notation. Let E be a real Hilbert space. We let X· Y denote the inner product of vectors x, y E E, and the norm of x is Ixl = ~. Open and closed balls with center x and radius r are written as B(x, r) and B(x, r), respectively, and we abbreviate B(r) = B (O, r) , B(r) =
